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Abstract. Given a Boolean algebra B and an embedding e : B → P(N)/fin we con-
sider the possibility of extending each or some automorphism of B to the whole P(N)/fin.
Among other things, we show, assuming CH, that for a wide class of Boolean algebras
there are embeddings for which no non-trivial automorphism can be extended.

1. Introduction. A general problem in the theory of Boolean algebras
concerns the possibility of extending all or some automorphisms with re-
spect to a fixed embedding [13]. More precisely, given two Boolean algebras
A and B one asks whether there is an embedding e : B → A for which
each automorphism of B can be extended to an automorphism of A. In the
opposite direction, one may wonder if there is an embedding for which no
non-trivial automorphism of B extends.

For instance, P. Štěpánek in [13] quotes as open the problem whether
any Boolean algebra B can be embedded into a homogeneous Boolean al-
gebra A in such a way that no non-trivial automorphism of B extends to
an automorphism of A. A result in this direction due to S. Koppelberg says
that, under ♦, there exists an ℵ1-Suslin tree T such that the corresponding
complete Boolean algebra A(T ) is homogeneous and has a regular complete
subalgebra onto which no non-trivial automorphism of A(T ) restricts.

This paper focuses on the case A = P(N)/fin. The main reason for this
is Parovichenko’s theorem:
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Theorem 1.1. Every Boolean algebra of size ≤ ω1 embeds into P(N)/fin.

So under the Continuum Hypothesis, for algebras of size at most contin-
uum at least the minimal requirement of the existence of an embedding is
satisfied. One should also mention the following result of van Douwen and
Przymusiński (see [2] or [11]):

Theorem 1.2. (MA) Every Boolean algebra of size < c embeds into
P(N)/fin.

However, this result does not hold for all algebras of size c. In fact, under
the Proper Forcing Axiom even algebras as nice as the measure algebra
M = Borel(R)/Null do not embed into P(N)/fin (see [4]).

The investigation of how the measure algebra can be embedded into
P(N)/fin was suggested by the last mentioned author as an attempt to com-
pare, as composition groups, certain measure-preserving endomorphisms on
the real line [6] with the permutations of the integers. Since a straight-
forward attempt presents unsurmountable obstacles, a possible way to ap-
proach this problem indirectly could be to view both of them as embedded
in the larger group Aut(P(N)/fin). Indeed, the latter give rise to automor-
phisms of P(N)/fin, and as we show, the same happens for the former.

The results presented here show that, under CH, for a wide class of
Boolean algebras, including the measure algebra, there are embeddings such
that all automorphisms can be extended, as well as embeddings such that
no non-trivial automorphism can be extended.

All basic concepts of Boolean algebra and notation can be found in [8],
set-theoretic notation follows [9]. Henceforth, CH stands for the Continuum
Hypothesis, MA, MAσ-centered and MAσ-linked indicate the use of Martin’s
Axiom or its variants, while PFA stands for the Proper Forcing Axiom. As
usual, for a Tikhonov space X, βX denotes the Čech–Stone compactification
of X, and X∗ the Čech–Stone remainder βX \X. CO(X) and RO(X) are
the Boolean algebras of clopen and regular open subsets of X, respectively.
In particular, CO(2κ) denotes free Boolean algebra on κ generators. The
Stone space of a Boolean algebra B is written St(B).

2. Nice embeddings. The following fact that, under CH, nice embed-
dings do exist appeared in [7] with a different proof.

Theorem 2.1. (CH) For every Boolean algebra B of size at most contin-
uum there is an embedding e : B→ P(N)/fin such that every automorphism
of B can be extended to an automorphism of P(N)/fin.

Proof. Given a Boolean algebra B of size at most c note that the algebra
Bω/fin is isomorphic to P(N)/fin ([11]). Define an embedding e : B→ Bω/fin
by e(B) = [(B,B, . . .)]. Clearly, if h is an automorphism of B, putting
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H([(An)n∈ω]) = [h(An)n∈ω] defines an extension of h which is an auto-
morphism of Bω/fin.

The above theorem can be strengthened by requiring that the embedding
e be such that every automorphism h has the largest possible number, i.e.,
2c, extensions. This is accomplished by identifying P(N)/fin with Aω/fin,
where A = B⊕ CO(2c).

A natural question as to whether the hypothesis of Theorem 2.1 can be
weakened was also addressed in [7] where the following is shown:

Theorem 2.2. It is relatively consistent with MAσ-linked that for ev-
ery Boolean algebra B of size at most continuum there is an embedding
e : B → P(N)/fin such that each automorphism of B can be extended to an
automorphism of P(N)/fin.

It should be noted here that for certain Boolean algebras B, such as any
countable algebra, all embeddings are good. Let e : B → P(N)/fin be an
embedding. We say that e lifts if there is a Boolean algebra homomorphism
E : B→ P(N) such that E(B) ∈ e(B) for every B ∈ B.

Theorem 2.3. (MAσ-centered(κ)) Let B be a Boolean algebra of size κ
and let e : B→ P(N)/fin be an embedding which lifts. Then every automor-
phism of B extends to an automorphism of P(N)/fin.

Proof. Let a Boolean algebra B and an embedding e : B→ P(N)/fin be
given. Let E : B → P(N) be a lifting of e. Let h be an automorphism of B.
Consider the following partial order:

P = {〈s, F 〉 : s is a finite partial one-to-one function N→ N, F ∈ [B]<ℵ0}
ordered by 〈s, F 〉 ≤ 〈t,G〉 if s ⊇ t, F ⊇ G, and for every n ∈ dom(s)\dom(t),
and every B ∈ G, n ∈ E(B) if and only if s(n) ∈ E(h(B)).

The partial order P is σ-centered as conditions with the same working
part are compatible. It is also easily seen that the following sets are dense
in P:

• Dn = {〈s, F 〉 ∈ P : n ∈ dom(s)},
• Rn = {〈s, F 〉 ∈ P : n ∈ rng(s)},
• EB = {〈s, F 〉 ∈ P : B ∈ F}.
By MAσ-centered there is a filter G on P which intersects all of these

dense sets. Let π =
⋃{s : (∃F ∈ [B]<ℵ0)(〈s, F 〉 ∈ G)}. It is straightforward

to check that π is a permutation on N that defines an automorphism of
P(N)/fin extending h.

Corollary 2.4. (MAσ-centered(κ)) Every embedding e : CO(2κ) →
P(N)/fin is such that every automorphism of CO(2κ) extends to an auto-
morphism of P(N)/fin.
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Proof. It is easy to see that every e : CO(2κ)→ P(N)/fin lifts.

Note the fundamental difference between the two proofs presented so
far: whereas in Theorem 2.1 it was in effect shown that the map that
sends h to H is actually an injective group homomorphism from Aut(B)
into Aut(P(N)/fin), the method of the proof of Theorem 2.3 does not seem
to produce such an embedding.

3. Ugly embeddings. This section is devoted to showing that, under
CH, many Boolean algebras can be embedded into P(N)/fin in such a way
that only the trivial automorphism extends to an automorphism of P(N)/fin.
Recall that if A and B are elements of a Boolean algebra B then A splits B if
both A∧B and Ac ∧B are non-zero. Denote by u(B) the minimal character
of an ultrafilter on B.

Lemma 3.1. (CH) Let B be a Boolean algebra of size c such that
u(B) > ω. Then for every family of ultrafilters {pα : α < c} ⊆ St(B) there
exists an embedding e : B → P(N)/fin and a set {Cα : α < c} ⊆ P(N)/fin+

such that :

(1) Cα < e(B) for each B ∈ pα and α < c,
(2) if A ∈ P(N)/fin+ and A ∧ Cα = 0 for every α < c then there is a

B ∈ B such that e(B) splits A.

Proof. Enumerate B as {Bα : α ∈ ω1} and P(N)/fin as {Aα : α ∈ ω1}.
Recursively construct an increasing chain {Bβ : β ∈ ω1} of countable subal-
gebras of B and compatible embeddings eβ : Bβ → P(N)/fin together with a
set of non-zero pairwise disjoint elements {Cβ : β < ω1} ⊆ P(N)/fin so that
for α < c:

(1) Bα ∈ Bα,
(2) Cγ < eα(B) for every B ∈ pγ ∩ Bα and γ ≤ α,
(3) if (∀γ ≤ α)(Aα ∧ Cγ = 0) then (∃B ∈ Bα)(eα(B) splits Aα).

At stage α < c we have to define the subalgebra Bα, the embedding eα
and the element Cα ∈ P(N)/fin. Let B′ =

⋃{Bβ : β < α} and let e′ =⋃{eβ : β < α} be the corresponding embedding. Let C be the subalgebra of
B generated by B′ ∪ {Bα}. Let c : C → P(N)/fin be an embedding which
extends e′ and is such that Cβ < c(Bα) whenever Bα ∈ pβ , and Cβ ∧ c(Bα)
= 0 if Bα 6∈ pβ. Then pick a Cα ∈ P(N)/fin+ so that Cα < c(B) for all
B ∈ pα ∩ C and Cα ∧ Cβ = 0 for each β < α.

If there is an element B ∈ C such that c(B) splits Aα or if Aα ∧Cβ > 0
for some β ≤ α, then set Bα = C and eα = c. If not, let C = {B ∈ B′α :
Aα < c(B)}. The set C generates a filter in B. Being countably generated,
this filter cannot be an ultrafilter so there is a G ∈ B which splits every
element of C. Let Bα be the subalgebra of B generated by C∪ {G}. All that
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has to be done is to extend c to an embedding eα : Bα → P(N)/fin so that
eα(G) splits Aα. To that end let

F = {c(B) : B < G} ∪ {Cβ : β ≤ α & G ∈ xβ},
G = {c(B) : G < B} ∪ {Cc

β : β ≤ α & G 6∈ xβ},
H = {c(B) : B 6< G & B 6> G} ∪ {Aα}.

As P(N)/fin satisfies condition Rω (see [11]) there is an element Y ∈ P(N)/fin
which separates F from G and splits every element of H. Setting eα(G) = Y
defines the desired embedding eα : Bα → P(N)/fin.

Finally, e =
⋃{eα : α < ω1} is then the required embedding.

Theorem 3.2. (CH) Let B be a Boolean algebra of size c and u(B) > ω.
Let S ⊆ Aut(B) \ {id} with |S| ≤ c be given. There is an embedding e :
B → P(N)/fin such that no element of S can be extended to an element of
Aut(P(N)/fin).

Proof. Let {hα : α < ω1} be an enumeration of S and let Hα be the
homeomorphism of St(B) corresponding to hα. Recursively choose ultrafil-
ters pα ∈ St(B) so that {pα : α < ω1} ∩ {Hα(pα) : α < ω1} = ∅. Then let
e : B→ P(N)/fin be the embedding described in Lemma 3.1 with respect to
the set {pα : α < ω1}.

Suppose, for some α < ω1, hα ∈ S has an extension h̃α ∈ Aut(P(N)/fin).
As Cα < e(B) for every B ∈ pα, h̃α(Cα) < h̃α(e(B)) = e(hα(B)) for every
B ∈ pα. As Hα(pα) 6= pβ and Cα ∧ Cβ = 0 we have h̃α(Cα) ∧ Cβ = 0 for
all β ∈ ω1 different from α. Choose a B ∈ B which splits h̃α(Cα) and set
D = h−1

α (B). Note that Cα < e(D) or Cα < e(D)c depending on whether
D ∈ pα or Dc ∈ pα. In both cases this contradicts the fact that e(B) splits
h̃α(Cα).

In particular, under CH, every Boolean algebra B of size c with no ultra-
filters of countable character having only c automorphisms can be embedded
into P(N)/fin so that no non-trivial automorphism of B extends. Examples
of such algebras include the measure algebra or the algebra RO(2ω).

Aiming for a similar result for algebras with many automorphisms we
first need the following lemma of independent interest. Recall that the reap-
ing number r(B) of a Boolean algebra B denotes the minimal size of a family
R ⊆ B+ such that for every A ∈ B+ there is an R ∈ R such that R ≤ B or
R∧B = 0 (in other words, no A ∈ B+ splits all elements of R). A subset D
of a topological space X is Gδ-dense if D ∩G 6= ∅ for every Gδ set G ⊆ X.

Lemma 3.3. (CH) Let B be a Boolean algebra of cardinality c and with
r(B) > ω. Then there is a Gδ-dense D ⊆ St(B) of size ℵ1 such that every
countable subset of D is relatively discrete.
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Proof. Enumerate B as {Bα : α < c} and list all decreasing sequences
in B+ as {〈Bα,n〉n∈ω : α < c} in such a way that {Bα,n : n ∈ ω} ⊆ {Bβ :
β < α} for every α < c. We will recursively construct countable fami-
lies {Fα,β : β < α} of countably generated filters on B so that for every
α < ω1:

(1) (∀β ≤ α)(Bα ∈ Fα+1,β or Bc
α ∈ Fα+1,β),

(2) (∀γ < β ≤ α)(Fβ,γ ⊆ Fα,γ),
(3) (∃β ≤ α)({Bα,n : n ∈ ω} ⊆ Fα+1,β),
(4) there is a pairwise disjoint collection {Fβ : β < α} ⊆ B+ such that

Fβ ∈ Fα+1,β for every β < α.

Assume that B0 = 1 and B1 = 0 and set F1,0 = {1}. For limit α < ω1
let Fα,β =

⋃{Fγ,β : β < γ < α}. Given {Fα,β : β < α}, fix a bijection
ϕ : α→ ω and construct {Fα+1,β : β < α} as follows:

Recursively pick Rn (n ∈ ω) so that Rn splits all elements of the family
of all non-zero finite intersections from the family

⋃{Fα,β : β < α} ∪ {Ri :
i < n} and let

Fαβ =
( ∧

m<ϕ(β)

Rm

)
∧Rc

ϕ(β).

For all β < α, let Fα+1,β be the filter generated by Fα,β∪{Fαβ , Bα} if possible,
otherwise let Fα+1,β be the filter generated by Fα,β ∪ {Fαβ , Bc

α}. Finally,
choose Fα+1,α so that {Bα,n : n ∈ ω} ⊆ Fα+1,α and so that Bβ ∈ Fα+1,α or
Bc
β ∈ Fα+1,α for all β ≤ α. This concludes the recursive construction.

In the end set xα =
⋃
α<β Fβ,α and note that:

• xα is an ultrafilter,
• the family {Fαβ : β < α} witnesses that {xβ : β < α} is relatively

discrete, and
• {Bα,n : n ∈ ω} ⊆ xα so D = {xα : α < ω1} is Gδ-dense in St(B).

Lemma 3.4. (CH) There are c non-homeomorphic separable rigid P-sets
in N∗.

Proof. Follows immediately from results of Dow, Gubbi and Szymański
[3] and Balcar, Frankiewicz and Mills [1]. In [3] the authors prove that
there are 2c pairwise non-homeomorphic rigid separable extremally discon-
nected compact spaces. In [1] it is shown that, under CH, any compact
zero-dimensional F-space of weight at most c is homeomorphic to a nowhere
dense P-set in N∗ (see Theorem 1.4.4 of [11]). As every extremally discon-
nected space is an F-space and compact separable spaces are of weight less
than or equal to c the lemma easily follows.

The proof of the next theorem is an advanced bookkeeping argument,
moreover obscured by the fact that it uses both the language of Boolean al-
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gebra and the dual language of topology. In order not to cloud the argument
any further by unnecessary notation we identify (denote by the same sym-
bol) an element of a Boolean algebra and the corresponding clopen subset
of the Stone space of the algebra.

Theorem 3.5. (CH) Let B be a Boolean algebra of size c such that
r(B) > ω. There is an embedding e : B → P(N)/fin such that no element
of Aut(B) other than the identity can be extended to an automorphism of
P(N)/fin.

Proof. Enumerate B as {Bα : α < ω1} and let D be a Gδ-dense subset of
St(B) of size ℵ1 such that every countable subset of D is relatively discrete.
We will construct the embedding e : B → P(N)/fin as an increasing union
of a chain of embeddings {eα : α < ω1}, eα : Bα → P(N)/fin, where Bα is a
countable subalgebra of B containing {Bβ : β < α}. During the construction
we will recursively choose points xβ ∈ D together with an Aβ ∈ P(N)/fin,
split into Ar

β and As
β with the intention that:

(1) E−1(xβ) ⊆ Aβ ,
(2) E−1(xβ) ∩ Ar

β is a regular closed subset of ω∗,

(3) E−1(xβ) ∩ As
β is a separable P-set,

(4) E−1(xβ) ∩ As
β and E−1(xγ) ∩ Asγ are not homeomorphic as long as

β 6= γ,
(5)

⋃
β<ω1

E−1(xβ) is dense in N∗,

where E denotes the continuous surjection ω∗ → St(B) dual to e.
Assume first that this can be accomplished and let h be an automorphism

of the Boolean algebra B that can be extended to an automorphism h. Let
H denote the autohomeomorphism of St(B) dual to h, and similarly, let H
denote the autohomeomorphism of N∗ dual to h. Note first that for every
α < ω1 there is a β < ω1 such that H(xα) = xβ as by (2) and (5) the points
xα are exactly those points x ∈ St(B) for which E−1(x) has non-empty
interior. Then, however, H�E−1(xα) is a homeomorphism between E−1(xα)
and E−1(xβ) and furthermore H[E−1(xα) ∩ As

α] = E−1(xβ) ∩ As
β . By (4)

this implies that H(xα) = xα for all α < ω1 and as {xα : α < ω1} is dense
in St(B) (by (5)), it follows that h = id.

Next we will specify the promises which will ensure that the conditions
(1)–(5) are satisfied. To that end enumerate P(N)/fin as {Xα : α < ω1}. At
stage α (when we build Bα+1 and eα+1, and choose xα) we look, for every
β < α, at the family {eα(B)∩Ar

β ∩Xα : B ∈ xβ ∩Bα} and diagonalize it (if
possible) by Rα,β ∈ P(N)/fin+. Otherwise, if eα(B)∩Ar

β ∩Xα = 0 for some
B ∈ xβ ∩ Bα, we will set Rα,β = 0. Similarly, Rβ,α will be a diagonalization
(if possible) of the family {eα(B) ∩Ar

α ∩Xβ : B ∈ xα ∩ Bα} for β ≤ α. The
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promise is that

(A) (∀β ≤ α)(∀B ∈ xβ)(Rα,β < e(B)).

This will ensure that E−1(xβ) ∩ Ar
β = cl

⋃
β≤α<ω1

Rα,β = Rβ is regular
closed. We will use Lemma 3.4 to choose a closed separable P-set Sα ⊆ As

α

(non-homeomorphic to any of the previous choices Sβ , β < α, and dis-
joint from them) and its decreasing neighborhood base (a P-filter base on
P(N)/fin) {Tα,γ : γ ≥ α} with Tα,α = As

α and promise that

(B)
(∀γ ≥ α)(∀B ∈ Bγ ∩ xα)(Sα ⊆ e(B) ∩As

α),

(∀γ ≥ α)(∃B ∈ Bγ ∩ xα)(e(B) ∩As
α ⊆ Tα,γ)

to ensure that E−1(xα) ∩ As
α = Sα. Further, we promise

(C) (∃β ≤ α)(Sβ ∩Xα 6=∗ ∅ or Rβ,α > 0)

to guarantee that
⋃
β<ω1

E−1(xβ) is dense in ω∗. Finally, in order to make
sure that the recursive construction will not prematurely terminate we will
require that

(D) rng(e) ∩ 〈Rγ,β : γ, β < α〉 = {0,1},
where 〈Rγ,β : γ, β < α〉 denotes the subalgebra of P(N)/fin generated by
{Rγ,β : γ, β < α}.

It is easy to see that if we succeed in constructing algebras Bα such that
B =

⋃
α<ω1

Bα and embeddings eα : Bα → P(N)/fin, together with choosing
xα ∈ D, As

α and Ar
α as well as Rα,β and Tα,β so that the above conditions

are satisfied, then so are the conditions (1)–(5).
Assume that an increasing chain {Bβ : β ∈ α} of countable subalgebras

of B and compatible embeddings eβ : Bβ → P(N)/fin have already been
constructed and set C =

⋃{Bβ : β ∈ α} as well as c =
⋃{eβ : β ∈ α}. Let

C∗ be the subalgebra of B generated by C∪{Bα}. Assume that Bα 6∈ C and
let

F = {c(C) : C < Bα}
∪ {Rβ,γ : β, γ < α & Bα ∈ xβ} ∪ {Tβ,γβ : β < α & Bα ∈ xβ},

G = {c(C) : C > Bα}
∪ {Rc

β,γ : β, γ < α & Bα 6∈ xβ} ∪ {T c
β,γβ

: β < α & Bα 6∈ xβ},
H = {c(C) : C 6< Bα & C 6> Bα},

where γβ is such that:

• (∀B ∈ C)(Sβ ⊆ c(B)→ Tβ,γβ < c(B)),
• the family {Tβ,γβ : β < α} is pairwise disjoint,
• (∀B ∈ C)(c(B) 6∈ 〈{Rγ,β : β, γ < α} ∪ {Tβ,γβ : β < α}〉).
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It is now easy to check that Rω applies (here is where the technical re-
quirement (D) comes in handy), and c can be extended to an embedding
c∗ : C∗ → P(N)/fin.

For every β < α consider the family {c∗(B) ∩ Ar
β ∩Xα : B ∈ xβ ∩ C∗}.

If possible, diagonalize it by Rα,β ∈ P(N)/fin+. Otherwise, fix Cβ ∈ xβ ∩C∗
such that c∗(Cβ) ∩ Ar

β ∩Xα = 0 and set Rα,β = 0. If there is a β < α such
that Rα,β > 0 or such that Xα ∩ Sβ 6= ∅ let {Dβ : β < α} be a pairwise
disjoint family in B such that Dβ ∈ xβ (recall that all countable subsets
of D are relatively discrete). If Rα,β = 0 and Xα ∩ Sβ = ∅ for all β < α,
require moreover that Dβ ≤ Cβ. By picking the Dβ’s sufficiently small one
can make sure that there is a Dα ∈ B+ disjoint from all Dβ, β < α. Let C∗∗
be the subalgebra of B generated by C∗ ∪ {Dβ : β < α}. Enumerate α as
{βn : n ∈ ω} and extend c∗ to c∗∗ : C∗∗ → P(N)/fin step by step, each time
determining c∗∗(Dβn) so that:

• (∀γ ≤ α)(Rβn,γ < c∗∗(Dβn)),
• Tβn,γβn < c∗∗(Dβn),
• (∀i < n)(c∗∗(Dβi) ∧ c∗∗(Dβn) = 0),
• (∀i 6= n)(∀γ ≤ α)(Rβi,γ ∧ c∗∗(Dβn) = 0),
• (∀i 6= n)(∀γ ≤ α)(Tβi,γβi ∧ c

∗∗(Dβn) = 0),
• (∀B ∈ 〈C∗ ∪ {Dβi : i < n}〉)(Dβn < B → c∗∗(Dβn) < c∗∗(B)),
• c∗∗(Dβn) ∧ Asβn ≤ Tβn,α,
• rng(c∗∗) ∩ 〈Rβ,γ : β, γ ≤ α〉 = {0,1}.

These are all compatible demands. Pick an ultrafilter u on C∗∗ contain-
ing Dc

β for all β < α such that the family {Xα} ∪ {c∗∗(B) : B ∈ u}
is centered. Choose Aα below Xα ∧ c∗∗(B) for B ∈ u and split it into
two pieces As

α and Ar
α. Use Lemma 3.4 to choose a closed separable P-set

Sα ⊆ As
α non-homeomorphic to any of the previous choices Sβ , β < α, and

let {Tα,γ : γ ≥ α} with Tα,α = As
α be a decreasing neighborhood base of Sα.

Finally, pick xα ∈ D extending u (this can be done as D is Gδ-dense) and
determine Rα,β for β ≤ α.

This finishes the construction. It is not difficult to verify that the prom-
ises (A)–(D) are kept, the Dβ’s being the witnesses required by (B).

4. Concluding remarks. In this section we present some examples
and open questions.

Definition 4.1. Given an embedding e : B → A of Boolean algebras,
let

Ee = {h ∈ Aut(B) : (∃h ∈ Aut(A))(e ◦ h = h ◦ e)},
Re = {h ∈ Aut(A) : h�rng(e) ∈ Aut(rng(e))},
Ke = {h ∈ Aut(A) : h�rng(e) = id}.
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All three of these sets are easily seen to be groups, moreover, Ke is a
normal subgroup of Re and Ee is isomorphic to the quotient group Re/Ke.
In this notation, if e : B→ P(N)/fin is the embedding described in Theorem
2.1, then Ke is a direct summand of Ee and therefore Re is isomorphic to
Ee ⊕ Ke. A similar decomposition is trivially realized when e is a dense
embedding, as in this case Ke = {id}.

However, even in the particular case of P(N)/fin, it is not immediately
obvious whether any non-dense embedding leads to a trivial Ke. Clearly,
the range of any such e has to form a splitting family in P(N)/fin. We will
show next that there is (in ZFC) an embedding e of the free Boolean algebra
on c generators into P(N)/fin such that the only automorphism of P(N)/fin
which restricts to an automorphism of CO(2c) is the identity.

Recall that a family I of subsets of a set X is independent if
⋂

F0 \
⋃

F1

6= ∅ for all pairs F0,F1 of disjoint finite subsets of I. It is well known that
there is an independent family of size c consisting of subsets of N.

Theorem 4.2. There is an embedding e : CO(2c)→ P(N)/fin such that
Ke = {id}.

Proof. Let {Iα : α < c} be an independent family of subsets of N. Enu-
merate all pairs of disjoint nowhere dense subsets of the rational numbers
Q as {〈Mα, Nα〉 : α < c}. Set

Jα =
(
Mα ∪

⋃

n∈Iα
[n, n+ 1) ∩Q

)
\Nα

for every α < c. Note that {Jα : α < c} is an independent family of subsets
of Q. Identify P(N)/fin with P(Q)/fin and set

e({f ∈ 2c : f(α) = 1}) = [Jα],

defining thus an embedding e : CO(2c)→ P(Q)/fin. All that remains to be
checked is that Ke = {id}. To that end let h ∈ Aut(P(Q)/fin) \ {id}, i.e.,
there is an infinite A ⊆ Q such that h([A]) 6= [A]. It is easy to find an infinite
nowhere dense subset of A, say M , such that there is an N ∈ h([M ]) nowhere
dense, disjoint from M . The pair 〈M,N〉 was enumerated as 〈Mα, Nα〉 for
some α < c. Then, however,

h([Jα]) ≥ h([Mα]) = [Nα] and [Jα] ∧ [Nα] = 0

so h([Jα]) 6= [Jα] and h 6∈ Ke.

One might wonder to what extent the very strong assumptions in The-
orem 2.3 are necessary. For instance, Theorem 2.3 only applies to Boolean
algebras satisfying the countable chain condition for if a Boolean algebra B
admits an embedding which lifts, it has to be c.c.c. The following example
seems to indicate that one cannot hope for a substantial weakening of the
assumptions. Let A(κ) denote the Boolean algebra of finite and co-finite
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subsets of κ, or equivalently, the algebra of clopen subsets of the one-point
compactification of a discrete space of size κ, i.e., the simplest Boolean al-
gebra having an antichain of size κ.

Recall that a family A ⊆ P(N) is almost disjoint if any two distinct
members of A have finite intersection. An almost disjoint family A of size
ℵ1 is Luzin if there is no B ⊆ N such that |{A ∈ A : |A \ B| is finite}| =
|{A ∈ A : A ∩ B is finite}| = ℵ1. Inspired by the ingenious construction
of Hausdorff, N. Luzin ([10]) showed that there are Luzin almost disjoint
families in ZFC.

Proposition 4.3. There is an embedding e : A(ω1) → P(N)/fin such
that Ee 6= Aut(A(ω1)).

Proof. Let A be a Luzin almost disjoint family of size ℵ1. Identify N with
N× 3 and let, for X ⊆ N and i ∈ 3, Xi = X × {i}. Let A be the subalgebra
of P(N×3)/fin generated by [Ai], for A ∈ A and i ∈ 3. Then A is isomorphic
to A(ω1). Let ϕ be a bijection between {A1 : A ∈ A} ∪ {A2 : A ∈ A} and
{A0 : A ∈ A} and let h be the induced automorphism of A. Assume that
h has an extension H ∈ Aut(P(N × 3)/fin) and consider H([N1]). The sets
{A ∈ A : [A0] ≤ H([N1])} and {A ∈ A : [A0] ∧ H([N1]) = 0} = {A ∈ A :
[A0] ≤ H([N2])} are both uncountable, contradicting that A was a Luzin
family.

A natural question is whether the assumption in Theorem 3.5 can be
weakened to u(B) > ω, which would, of course, make Theorem 3.2 obso-
lete.

Question 4.4. Assume CH. Let |B| = u(B) = ω1. Is there an embedding
e : B → P(N)/fin such that no element of Aut(B) other than the identity
can be extended to an automorphism of P(N)/fin?

Note that for the embeddings constructed in Theorems 3.2 and 3.5, Ee =
{id} but Re 6= {id}. This suggests the following question:

Question 4.5. Assume CH. For which Boolean algebras B is there an
embedding e : B → P(N)/fin such that no element of Aut(P(N)/fin) other
than the identity restricts to an automorphism of B?

To this question we have a very partial answer.

Theorem 4.6. (CH) There is an embedding e : P(N)/fin → P(N)/fin
such that Re = {id}.

Proof. Enumerate P(N)/fin as {Bα : α < ω1} and let p ∈ N∗ be a
P-point. Let T (p) be the type of p, i.e., the set of those q ∈ N∗ which can
be sent to p by a permutation of N. Enumerate T (p) as {pα : α < ω1} and
note that it is a Gδ-dense subset of N∗ every countable subset of which is
relatively discrete. List as {Xα, Yα,Xα,Yα} all quadruples such that:
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• Xα, Yα ∈ P(N)/fin, Xα ⊆ Yα,
• Xα,Yα ∈ [P(N)/fin]ω, Xα ∪ Yα is a pairwise disjoint family,
• (∀Y ∈ Yα)(Y ∩Xα = 0),
• (∀X ∈ Xα)(X ⊆ Yα).

As before we will construct the embedding e : P(N)/fin → P(N)/fin as
an increasing union of a chain of embeddings {eα : α < ω1}, eα : Bα →
P(N)/fin, where Bα is a countable subalgebra of B containing {Bβ : β < α}.

At stage α < ω1 of the construction we will use Lemma 3.4 to recursively
choose a rigid separable P-set Sα ⊆ N∗ non-homeomorphic to and disjoint
from all of the previous choices Sβ , β < α, and its decreasing neighborhood
base {Tα,γ : γ ≥ α}, and Dα ∈ P(N)/fin+ promising that:

(1) (∀γ ≥ α)(∀B ∈ Bγ ∩ pα)(Sα ⊆ eγ(B)),
(2) (∀γ ≥ α)(∃B ∈ Bγ ∩ pα)(eγ(B) ⊆ Tα,γ),
(3) (∀β ≤ α)(∀γ ≥ α)(Bβ does not split Sγ),
(4) Xα ∪

⋃{X : X ∈ X} ⊆ eα(Dα) ⊆ Yα \
⋃{Y : Y ∈ Y},

(5) (∃γ ≥ α)(Sα ∩Bγ 6= 0).

This can be accomplished in a very similar way to the appropriate part of
the proof of Theorem 3.5. Note the double role the Bα’s play. Assume that
the construction has been successfully completed and let E : N∗ → N∗ be
the dual map to the embedding e =

⋃
α<ω1

eα. Then

• (∀α < ω1)(E−1(pα) = Sα).

This follows easily from (1) and (2). Now assume that q ∈ N∗ is a P-point
of a different type than that of p. We will show that

• |E−1(q)| = 1.

Aiming for a contradiction assume that q = E(r) = E(s) for some r 6=
s ∈ N∗. Let Y ∈ s be a neighborhood of s disjoint from r. By (3) the set
A = {β : Sβ is split by Y } is countable. As q is a P-point there is a Q ∈ q
disjoint from {pβ : β ∈ A}. Then X = Y ∩ e(Q) is a neighborhood of s
such that X ∩ Sβ = ∅ for every β ∈ A. Let B = {β : Sβ is split by X}.
Clearly, B is also countable. As A ∪ B is a pairwise disjoint collection of
P-sets, there is a “swelling” of A and B respectively to families Y and X of
pairwise disjoint clopen sets such that Y ′ ∩ X = 0 for every Y ′ ∈ Y, and
X ′ ⊆ Y for every X ′ ∈ X. Now, the quadruple {X,Y,X,Y} was enumerated
as {Xα, Yα,Xα,Yα} for some α < ω1. Consider Dα. By (4), e(Dα) ∈ s \ r
and so E(s) 6= E(r).

Let h ∈ Re, let H be the dual autohomeomorphism of N∗, let h̃ be the
restriction of h to the range of e and let H̃ be the map dual to h̃. Note first
that any homeomorphism sends P-points to P-points. In particular, H̃(pα)
has to be a P-point, and moreover, H�E−1(pα) has to be a homeomorphism
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between E−1(pα) and E−1(H̃(pα)). It follows that H̃(pα) = pα for every
α < ω1 as E−1(p) is not homeomorphic to E−1(pα) for any other P-point
in N∗. By density of {pα : α < ω1} = T (p), H̃ = id and, consequently,
H(r) = s implies that E(r) = E(s). To conclude the argument recall that
all sets Sα = E−1(pα) were rigid, hence H�E−1(pα) = id for every α < ω1.
By (5),

⋃
α<ω1

E−1(pα) is dense in N∗ so H = id.

As with most results contained here, the situation becomes quite differ-
ent if the assumption of the Continuum Hypothesis is dropped. One might
have problems even formulating reasonable conjectures for at least two dis-
tinct reasons: (1) there may not be an embedding of the Boolean algebra
into P(N)/fin (cf. [4]), and (2) there may not be enough automorphisms of
P(N)/fin (cf. [12]). For instance, under the Proper Forcing Axiom, Theorem
4.6 no longer holds:

Theorem 4.7. (PFA) Ee 6= {id} for every embedding e : P(N)/fin →
P(N)/fin.

Proof. Follows immediately from a result of I. Farah (see [5], Theorem
3.8.1). He has shown, assuming PFA, that if e : P(N)/fin → P(N)/fin is an
embedding then there is an A ∈ [N]ω and a one-to-one map f : A→ N such
that e([B]) = [f [B]] for every B ⊆ A.

References

[1] B. Balcar, R. Frankiewicz and C. Mills, More on nowhere dense closed P -sets, Bull.
Acad. Polon. Sci. Sér. Sci. Math. 28 (1980), 295–299.

[2] E. van Douwen and T. Przymusiński, Separable extensions of first countable spaces,
Fund. Math 95 (1980), 147–158.

[3] A. Dow, A. V. Gubbi and A. Szymański, Rigid Stone spaces within ZFC , Proc.
Amer. Math. Soc. 102 (1988), 745–748.

[4] A. Dow and K. P. Hart, The measure algebra does not always embed , Fund. Math.
163 (2000), 163–176.

[5] I. Farah, Analytic quotients, Mem. Amer. Math. Soc. 702 (2000).
[6] A. Giarlotta, V. Pata and P. Ursino, Combinatorial and topological aspects of mea-

sure preserving functions, Topology Proc., to appear.
[7] M. Grzech, On automorphisms of Boolean algebras embedded in P (ω)/fin, Fund.

Math. 150 (1996), 127–147.
[8] S. Koppelberg, Handbook of Boolean Algebras, Vol. 1, J. D. Monk (ed.), North-

Holland, Amsterdam, 1989.
[9] K. Kunen, Set Theory. An Introduction to Independence Proofs, Stud. Logic Found.

Math. 102, North-Holland, Amsterdam, 1980.
[10] N. Luzin, Sur les parties de la suite naturelle des nombres entiers, C. R. (Doklady)

Acad. Sci. URSS 40 (1943), 175–178.
[11] J. van Mill, An introduction to βω, in: Handbook of Set-Theoretic Topology, K. Ku-

nen and J. E. Vaughan (eds.), North-Holland, Amsterdam, 1984, 503–567.



284 A. Bella et al.
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